Introduction
Let In fact, ϕ a (z) = a−z 1−az for all a and z in D. An easy calculation shows that the derivative of ϕ a at z is equal to −k a (z). It follows that the real Jacobian determinant of ϕ a at z is 
If T is a compact operator on a separable Hilbert space H, then there exist orthonormal sets {u n } ∞ n=0
and
λ n ⟨x, u n ⟩σ n ; x ∈ H where λ n is the nth singular value of T. Given 
The Berezin transform ϕ of a function ϕ ∈ L ∞ (D) is defined to be the Berezin transform of the Toeplitz
For more details, see [12] . A nice survey of earlier known results relating to the unitary operators on the Hilbert space can be found in [3, 4, 10, 11] .
Theorem 1 ([4]) Let T, V, W ∈ L(H), where T is a paranormal contraction operator, V is a coisometry, and W has a dense range. Assume that T W = W V. Then T is unitary. In particular, if W is injective and has a dense range, then V is also a unitary operator.

Theorem 2 ([11]) Let A, V, X ∈ L(H) be such that V, X are isometries and
A * is p-hyponormal. If V X = XA, then A is unitary.
Theorem 3 ([4]) Let T, S, W ∈ L(H) where W has a dense range. Assume that T W = W S and T
* W = W S * . Then T is unitary if S is unitary.
Theorem 4 ([3]) Let T be a k-paranormal contraction, and let
Then T |M is unitary. 
Corollary 1 ([3]) Let
Main results
Proposition 1 Let
Proof From [5] it follows that the Toeplitz operator
Hence, T ϕ is unitary. 2
As T ϕ is positive, (T ϕ + I) is invertible and so 
, by Heinz inequality [7] , we obtain
ψ C ϕ is compact [12] since lim
That is, the operator M is hyponormal.
Hence, M is normal [2] as M is compact. Therefore,
ψ and hence C * ϕ is an isometry on Ran (T ψ ). Furthermore, T ψ commutes with C ϕ and also with C * ϕ , so
Hence, C ϕ is unitary. Let us define 
Definition 1 An operator T ∈ L(H) is a Fredholm operator if and only if range of T is closed, dim ker T is finite, and dim ker T * is finite.
Let F(H) denote the collection of Fredholm operators on H. Recall that the index of an operator T ∈ L(H) denoted as i(T ) is a function from F(H) to Z defined by i(T
For more details, see [9] . . If a Toeplitz operator T ϕ with symbol ϕ has index zero then dim(ker(T ϕ )) = dim(ker(T * ϕ )). Thus, the partial isometry U of an operator T ϕ can be extended to a unitary operator. Therefore, the corollary is evident from the above Theorem 8. 2 
where 
) and ∥W ∥ ≤ 1. Let W = V Q be the polar decomposition of W with V as a partial isometry and Q is a positive operator on the Bergman space. Since the operator W is of finite rank, so dim(ker W ) = dim(ker W * ). Therefore, by using Corollary 2, we can conclude that the partial isometry V of the polar decomposition W extends to the unitary operator. Now
Theorem 9 For a Toplitz operator
a (D). Then V and W are surjective isometries satisfying
Thus, V = W * . We have
which shows that V * T V = S, completing the proof. 2 
